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Foundations

Suppose individuals indexed n choose alternatives indexed j,
giving a utility for each Unj . The utility can be decomposed
into a part observed by the researcher, Vnj and an unobservable
part, εnj . These two pieces are assumed to be uncorrelated and
together they form an additive random utility model. Individuals
choose the alternative yielding the highest utility.



Foundations

Individual n chooses alternative j with the following probability:

Pnj = Pr[Unj ≥ Uni ∀ i 6= j]
= Pr[Vnj + εnj ≥ Vni + εni ∀ i 6= j]
= Pr[Vnj − Vni ≥ εni − εnj ∀ i 6= j]
= Fεni−εnj (Vnj − Vni)

Note that only differences in utility matter. Additionally, the
scale, or variance, of utility is assumed to be arbitrary. These
conditions reflect the general notions that utility functions are
unidentified to positive affine transformations.



Foundations

In the logit framework, errors of the unobserved component
have a type 1 extreme value distribution, defined by:

f(εnj) = e−e
−εnj

e−εnj

F (εnj) = e−e
−εnj

This choice of distribution gives the differences in ε’s a logistic
distribution:

Fεni−εnj (Vnj − Vni) =
1

1 + exp (−(Vnj − Vni))

This distribution looks similar to the normal (recall that
differencing normals yields a normal), but with slightly fatter
tails, which makes logits less susceptible to outliers than probits
(which are based upon normals).



Foundations

Given this distribution, we have:

Pnj |εnj =
∏
i 6=j

exp [− exp (−(εnj + Vnj − Vni))]

To get the unconditional distribution, we must integrate over all
values of εnj weighted by their distribution:

Pnj =
∫ ∏

i 6=j
exp [− exp (−(εnj + Vnj − Vni))]e−e

−εnj
e−εnj



Foundations

Fortunately, we get a beautiful answer:

Pnj =
eVnj∑
eVni

which is estimated using Vnj = xnjβ:

Pnj =
exnjβ∑
exniβ



Foundations

Notice:
The choice probability is bounded between 0 and 1.
As Vnj gets bigger, utility is increasing, and the probability
of choosing that alternative increases.
As Vnj gets smaller, utility is falling, and the probability of
choosing that alternative decreases.
The probabilities across all alternatives j sum to 1.



Foundations

Logit assumes that the unobserved portions of utility are
uncorrelated across alternatives, but their variances are the
same. Further, the parameters and the variance of the
unobserved term in logit are not separately identified, so the
variance of the unobserved term is normalized to π2

6 and the
coefficients are relative to the standard error of ε relative to this
normalization:

Unj = xnjβ + εnj ; Var(εnj) = σ2

= xnj
β
σ
π√
6

+
εnj
σ
π√
6

= xnj
β
σ
π√
6

+ ε̃nj ; Var(ε̃nj) =
π2

6



Foundations

Note: Because of this scaling, coefficients from different models,
even on the same data, are not comparable!



IIA

Let’s consider the infamous red bus-blue bus problem. Suppose
an individual has the option of driving to work or taking a red
bus. Suppose that he is indifferent between these alternatives,
implying a probability of one-half of taking either mode. Then,
a blue bus that is just as good as the red bus starts service.
How does the introduction of the new bus change the
probabilities of taking the different modes?



IIA

Intuitively, we would say that the individual still would take his
car half the time, while the other half is divided equally between
the red bus and the blue bus; that is, his choice is really over
the car versus the bus and the color of the bus is immaterial to
him. He takes his car with one-half probability and the blue
and red buses each with one-quarter probability.



IIA

What does the logit model suggest? This model has an
independence from irrelevant alternatives property. Relating the
probabilities for two different alternatives gives:

Pnj
Pni

=
eVnj∑
eVni

eVni∑
eVni

=
eVnj

eVni
= eVnj−e

Vni

Notice that the probability of taking one alternative relative to
another is independent of all other choices.



IIA

So, if taking a blue bus is just as likely as taking a red bus after
the new service, and taking a red bus is just as good as driving,
the Vi for all modes must be the same and thus the traveler will
take each with one-third probability.



IIA

While IIA seems inappropriate in this example, it is often
considered a good property for a model to have.

Stated another way, it requires that, if A is preferred in the set
{A,B}, then B cannot be preferrable to A given the set
{A,B,C}. If I’m deciding whether to order steak or lobster at a
restaurant, why would it matter whether tofu appeared on the
menu?

IIA was one of the features that Arrow sought in an optimal
voting mechanism and early discrete choice theorists saw IIA as
a feature, not a bug, of these models.



IIA

While IIA seems inappropriate in this example, it is often
considered a good property for a model to have.

Stated another way, it requires that, if A is preferred in the set
{A,B}, then B cannot be preferrable to A given the set
{A,B,C}. If I’m deciding whether to order steak or lobster at a
restaurant, why would it matter whether tofu appeared on the
menu?

IIA was one of the features that Arrow sought in an optimal
voting mechanism and early discrete choice theorists saw IIA as
a feature, not a bug, of these models.

Nested logit can be used to overcome the red bus-blue bus
problem, but the researcher is required to define “nests” of
similar options.



Solving the model

The probability that person n choose the alternative that he
actually did is ∏

j

P
ynj
nj ,

where ynj is an indicator of whether individual n chose option j.
The probability that all people made the choices that they did is

L =
∏
n

∏
j

P
ynj
nj

This gives the likelihood function. The log-likelihood function is

LL =
∑
n

∑
j

ynj lnPnj



Solving the model

Taking the derivative of the log-likelihood function and setting
it to 0 gives ∑

n

∑
j

(ynj − Pnj)xnj = 0

Rearranging, we get

1
N

∑
n

∑
j

ynjxnj =
1
N

∑
n

∑
j

Pnjxnj

This implies that the sample average of x (LHS) will be the
same as the predicted average of x (RHS). This is an especially
nice feature when alternative-specific constants are included in
the model; then, the share of alternative j in the sample will be
the same as the predicted share.



Interpreting coefficients

Now that we have solved for β, what does it mean?



Interpreting coefficients

Now that we have solved for β, what does it mean?

β is not the effect of x on y; rather it is the effect of x on the
linear predictor for y, which we do not especially care about.



Interpreting coefficients

β could be interpreted as the change in the log-odds ratio:

Pnj =
1

1 + exp−xnjβ

1− Pnj =
exp−xnjβ

1 + exp−xnjβ

Pnj
1− Pnj

= expxnjβ

ln
[

Pnj
1− Pnj

]
= xnjβ

d

dxnj
ln
[

Pnj
1− Pnj

]
= β

So the change in the relative probability of choosing j for a one
unit increase in x is eβ − 1.



Interpreting coefficients

The ratio of coefficients can tell us how individuals are willing
to trade-off between two components of utility. Suppose we are
interested in how consumers trade off between xnj1 and xnj2.
Keeping utility the same (so the consumer is indifferent to the
trade-off) and changing these two covariates, we have

dU = β1dx1 + β2dx2 = 0
dxnj2
dxnj1

=
−β1

β2

Notice that the scale is the same for both parameters, so this
ratio can be compared across specifications.

For an economic example, suppose that we are looking at the
utility for a car, x1 is horsepower, and x2 is price. Then −β1

β2
is

the willingness-to-pay for a one-unit increase in horsepower.



Interpreting coefficients

Probably the most important or general parameter to know is
the marginal effect of x on the probability of choosing
alternative j:

dynj
dxnjk

=
d

dxnjk

(
1

1 + exp−xnjβ

)
= βk

exp−xnjβ

(1 + exp−xnjβ)2

= βkPnj(1− Pnj)

Notice that the value of this parameter depends upon the other
β estimates and the levels of the covariates.



Interpreting coefficients

There are two ways to calculate the marginal effect. The
preferred way would be to calculate the mean of the marginal
effect for each individual:

ξk =
1
N

∑
n

βkPnj(1− Pnj)



Interpreting coefficients

Alternatively, you could calculate the marginal effect at the
mean values of xnj :

ξk = βk
exp−x̄njβ

(1 + exp−x̄njβ)2



Interpreting coefficients

Alternatively, you could calculate the marginal effect at the
mean values of xnj :

ξk = βk
exp−x̄njβ

(1 + exp−x̄njβ)2

Notice that you are creating a synthetic person that:
Does not actually exist in your data, requiring
interpolation of your model,
Breaks apart correlations between covariates, and
Uses strange values for dummy variables (e.g., 0.45 for a
black dummy, rather than a 0 or a 1).



Interpreting coefficients

These strategies produce different values since the expectation
of a function is not equal to a function of an expectation; i.e.,

Ex (g(x)) 6= g (Ex(x)) .



Interpreting coefficients

A simpler way to calculate the treatment effect, especially if
you have a dichotomous treatment, is to use the covariates for
all your observations, but set every observation’s treatment
equal to 1. Then, do the same, but set treatment to 0 and
subtract this figure from the former. So if your function is
f(T,X) with treatment T and other covariates X, then
calculate the treatment effect:

ξ = f(1, X)− f(0, X)

This procedure can be used for any function.



Interpreting coefficients

Note that the ratio of two coefficients equals the ratio of their
marginal effects:

ξ1

ξ2
=
β1Pnj(1− Pnj)
β2Pnj(1− Pnj)

=
β1

β2

Also, the sign of the coefficient is the same as that of the
marginal effect since

Pnj(1− Pnj) > 0



Goodness of fit

The most common measure of fit used with discrete choice
models is the likelihood ratio index. It is:

1−
LL
(
β̂
)

LL(0)
,

which is the ratio of the log-likelihood using the estimated β̂
divided by the log-likelihood of a model with the parameters set
to 0 (i.e., no model). Its range is between 0 or 1, but it does
not have the same intuitive implications of R2 (i.e., the
percentage of variation “explained” by the model beyond the
sample mean). In fact, this statistic cannot be compared across
specifications.



Goodness of fit

You often see just the log-likelihood ratio reported, but, again,
this is not informative across data sets and only comparable
across models on the same data, which only states that higher
log-likelihoods are better (since the log-likelihood of no
parameters is the same given the same data).



Goodness of fit

Some papers report the “percent correctly predicted.” Here, the
researcher assumes that the individual chooses the alternative
with the highest predicted probability and determines what
fraction of these predictions were accurate.

But this is not how individuals make the choice and violates the
notions of the model and probability more generally.
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