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Indicator coefficients

In a model y = Xβ + ε, consider the regression
My = Mxkβk + ε, where M is a projection into the space of
X−k. Suppose that xk only takes the values 0 or 1. We have
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where M ′i is the ith row of the M matrix.
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Identification

What do we notice?
This coefficient is only identified by the cases where xki = 1.

When is this coefficient consistent and asymptotically normal?
When #{i : xki = 1} → ∞ not N .

Note: All N observations are used to calculate M .

Fixed effects models

A fixed effect is an indicator variable that represents
membership in a group (e.g., men, residents of California, a
firm in the cement industry, etc).

If there are G groups, then G− 1 fixed effects are included, plus
a constant term; including the Gth group would induce
multicolinearity.

Excluding the constant term and including all G fixed effects
can be problematic when there are multiple sets of fixed effects
(e.g., men and California residents).

These coefficients capture the impact on the outcome of
indescribable or unquantifiable characteristics that are common
to all group members.

FE identification

Based upon the preceding discussion, fixed effects are only
identified by the individuals in those groups and have
asymptotics based upon the number of individuals therein.
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Interpretation

Interpretation of these coefficients are relative to the base
group. For example, with two groups:

E[y | x] = x× E[y | x = 1] + (1− x)× E[y | x = 0]

= E[y | x = 0] + [E[y | x = 1]− E[y | x = 0]]x

≡ β0 + β1x;

the coefficient on the x fixed effect is how much higher the
expected value of y is for members of that group relative to the
excluded group (i.e., i : xi = 0).

Suppose that log wage was regressed on a constant plus a set of
state fixed effects with Alabama included. If the coefficient on
California’s fixed effect was 0.1, then California workers have
10% higher incomes than Alabama workers.

Panel data models

A panel data set observes I units (e.g., individuals or firms)
across T time periods. These models typically include unit and
time fixed effects.

Analogous to unit fixed effects, time fixed effects are the same
across all units; every unit experiences the same time trend in
the outcome.

The unit fixed effects attain their asymptotic distributions as
T →∞; the time fixed effects are asymptotic in I.

An additional concern here is serial correlation; we’ll discuss
how to handle this problem later in these slides.

Other non-time varying indicators

A downside to a panel is that you can’t have other non-time
varying fixed effects in the model. For example, with individual
fixed effects, you can’t also have a male fixed effects; sum up
the individual fixed effects for all the men in the sample and
you get the male fixed effect—there is multicolinearity.
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Panel model example

A simple two unit, two time period panel model would be

yit = β0 + β1xit + β2gi + β3pt + εit,

where gi is a group fixed effect, pi is a time period fixed effect,
and xit is some variable of interest. Note that the group fixed
effect doesn’t vary across time and the period indicator doesn’t
vary across groups.

First differencing

Consider first-differencing across time, yi1 − yi0:

∆yi1 = β1∆xi1 + β3 + ∆εi1.

See that the time-invariant group fixed effects drop out, while
the time fixed effects remain (Note: when there are multiple
time period fixed effects, their coefficients become
∆βt = βt − βt−1).

Also, the coefficients may not be identical to those in the
undifferenced model if xit is correlated with gi (see Gibbons et
al. 2010).

This can be useful if you have a lot of group dummies (e.g.,
states).

Difference-in-differences estimator

Taking a difference again, this time across groups, we find

∆y11 −∆y01 = β1 [∆x11 −∆x01] + [∆ε11 −∆ε0t] .

Typically, group 1 is the treated group that has ∆x11 = 1, while
group 0 is the control group with ∆x01 = 0. Hence, the
treatment effect is

β1 = ∆y11 −∆y01.

This is the difference-in-differences estimator.
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Diff-in-diff more generally

More generally,

β1 =
∆ȳ11 −∆ȳ01
∆x̄11 −∆x̄01

;

where the averages are taken over treated or control group
members. Extension to the case including covariates should be
obvious using the FWL theorem.

This is an example of a Wald estimator.

In reality, people just estimate a FE panel data model and say
that it is a difference-in-difference estimator; this gives (similar)
results in a simpler way.

Identification in diff-in-diff models

Note that the first difference and the diff-in-diff model are only
identified as the number of switches (e.g., ∆x = 1) goes to
infinity.

But isn’t the standard FE model identified using just the
number of treatment observations?

Technically, but this identification gets more tenuous if
treatment status can be predicted using time or unit fixed
effects(e.g., everyone gets treated as time goes on). Put another
way, we can’t have x̃ going to 0.

Even the FE model needs unpredictable changes (e.g., switches)
to be solidly identified.

Identification in FE models

One other way to think about this is that, in the fixed effects
model, the standard error of the treatment coefficient is
proportional to [Var (x̃)]−1; if this variance is small, the
standard error is large.
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Serial correlation

Betrand et al. (2004) show that it is essential to correct for
serial correlation in (regression) difference-in-difference models.
They consider several corrections:

1 Modeling serial correlation using AR(p) processes,

2 Collapsing long time series into simple before-and-after
averages,

3 The block bootstrap,

4 Block empirical variance-covariance matrix estimation, and

5 Group-level clustered standard errors.

The first strategy is pretty ineffective. The second gets the level
of the tests correct, but has poor power. The latter three are all
pretty effective, especially as the number of units gets larger
(the 50 US states is sufficient).

Block bootstrap

Suppose you are observing I countries over time. To create the
bootstrap samples, draw I country mini-data sets (outcomes,
treatment, fixed effects, and covariates for all observations
across time for a given country) with replacement from the full
data set. The full time path of a chosen country enters your
bootstrap sample, preserving the correlation structure in those
error terms.
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