
Problem set 1

University of California, Berkeley
ARE 210

Due: Monday, September 15, 2014

1 Basic probability

1. An urn contains r red balls and b blue balls.

(a) What is the probability that the first draw is a red ball?
Solution: It is r/(r + b).

(b) What is the probability that the last draw is a red ball?
Solution: There are (r + b − 1)! ways to arrange the first balls and r ways to
arrange the last ball for this to be the case. Dividing by (r + b)! reveals that this
probability is also r/(r + b).

2. A die is rolled eight times. What is the probability of getting a six exactly twice?

Solution: There are
(
8
2

)
ways of choosing the two rolls to be six. There is a

(
1
6

)2
probability of getting two six rolls and

(
5
6

)6
of getting some other value six times. This

gives the probability as (
8

2

)(
1

6

)2(
5

6

)6

= 0.26.

3. The events A and B are independent. Show that Ac and Bc are independent.
Solution: We have

Pr(Ac, Bc) = 1− Pr(A ∪B)

= 1− [Pr(A) + Pr(B)− Pr(A,B)]

= 1− Pr(A)− Pr(B) + Pr(A) Pr(B)

= (1− Pr(A))(1− Pr(B))

= Pr(Ac) Pr(Bc)

4. Show that
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(a) If A and B are independent, then they are not disjoint.
Solution: Suppose that A and B each occur with positive probability. If A
and B are disjoint, then Pr(A,B) = 0. By independence, we have Pr(A,B) =
Pr(A) Pr(B). Since the events each have positive probability, this is a contradic-
tion and thus A and B cannot be disjoint.

(b) If A and B are disjoint, then they are not independent.
Solution: If the events are disjoint, then their intersection is empty; i.e., Pr(A,B) =
0. If A and B were independent and occur with positive probability, then this
would be a contradiction. Hence, A and B cannot be independent.

5. How many ways are there to divide the 50 states into 10 equally-sized groups when
the groups are not distinct?
Solution: Considering dividing the states into “group 1” and “not group 1.” There
are

(
50
5

)
ways of doing this. Dividing the “not group 1” states into “group 2” and “not

group 2” states gives
(
45
5

)
options. Carry on to ten groups and simplifying gives

50!

(5!)10

ways of dividing 50 states into ten groups. But this ordering attaches specific meaning
to “group 1” as compared to “group 2.” We do not want any information to be
contained in the label. Hence, we divide this figure by 10! permutations of the labels.
This gives

50!

10!(5!)10

non-distinct labelings.

6. Two dice are rolled. What is the probability that the value on the first is larger than
the value on the second?
Solution: With random variables X and Y , we have

1 = Pr(X > Y ) + Pr(Y > X) + Pr(X = Y )

= 2 Pr(X > Y ) + Pr(X = Y )

= 2 Pr(X > Y ) +
1

6

=⇒ Pr(X > Y ) =
5

12
,

where the simplification in the second line follows due to the symmetry of the problem.

7. There are five red and five blue balls that are to be divided between two urns. An
urn will be chosen randomly, then a ball from that urn will be selected randomly.
How should the balls be distributed so that the probability of drawing a blue ball is
greatest?
Solution: Consider putting one blue ball in the first urn and all other balls in the
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second. This gives

Pr(B) = Pr(U1) ∗ Pr(B | U1) + Pr(U2) ∗ Pr(B | U2)

=
1

2
× 1 +

1

2

4

9

=
13

18
.

This gives the highest probability because

b1
r1 + b1

+
5− b1

10− r1 − b1
≤ 13

18

for all possible values of r1 and b1.

8. You are walking down Telegraph Avenue and street vendor challenges you to a game.
He’ll flip a coin and, if heads appears, he’ll give you $5; if tails appears, you owe him
$5. Let’s assume that you are risk neutral and are willing to play the game if it offers
fair (i.e., 50-50) odds. Though the coin has two distinct sides, you do not trust that it
is a fair coin. Propose a modification to this game that uses the same coin, but that
guarantees you fair odds.
Solution: Offer a game where you win if a “pseudo-head” appears and he wins if a
“pseudo-tail” appears. A pseudo-head is the ordering (heads, tails) and a pseudo-tail
is just the opposite. In general, we have

Pr(heads, tails) = p(1− p) = Pr(tails, heads);

there are fair odds, though a “push” may be required.

2 Computer exercises

1. Using R, “flip” a coin with a probability of showing heads of 0.6 100 times.

(a) How many heads were shown?
Solution: We can use the following code:

# Set a seed

set.seed(1024)

# Flip a coin with probability 0.6 of showing heads 100 times;

# Perform 1000 simulations

flips <- rbinom(n=1000, size=100, prob=0.6)

# Look at a summary of the results

summary(flips)

Min. 1st Qu. Median Mean 3rd Qu. Max.

45.0 57.0 60.0 59.9 63.0 73.0
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Figure 1: Number of successes in 100 flips in 1,000 simulations

# What was the result on the first simulation

flips[1]

[1] 63

There were 63 successes in the first run of the simulation.

(b) Repeat this experiment 1,000 times and plot a histogram of the number of heads
shown in each experiment.
Solution: The following code can be used to make the histogram:

library(ggplot2)

qplot(flips, xlab='Successes') + theme_bw() + ylab('Count')

2. Consider the simulation code shown in class for the m balls, n boxes problem. Simulate
the probability of having all the boxes filled for each value of m ∈ 1, . . . , 20 and
n ∈ 1, . . . ,m. Create a 3-dimensional plot of your results. You may want to use the
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functions expand.grid, mapply, and wireframe (the latter from the lattice package).
Solution: Consider this code:

### Set up the box-ball combinations

combinations <- expand.grid(balls = 1:20, boxes = 1:20)

combinations <- subset(combinations, boxes <= balls)

### Load the necessary function

TossBalls <- function(TOSSES, BOXES){
### Toss the balls

tosses <- sample(x = BOXES, size = TOSSES, replace = TRUE)

### Check each box to see whether it has a ball

filled <- sapply(1:BOXES, function(box){
box %in% tosses

})

### Are all boxes full?

all(filled)

}

Simulation <- function(SIMS, BALLS, BOXES){
simulation <- replicate(SIMS, TossBalls(BALLS, BOXES))

mean(simulation)

}

### Run the simulations

simulations <- mapply(Simulation, SIMS = 1000,

BALLS = combinations$balls, BOXES = combinations$boxes)

combinations$prob <- simulations

### Plot the simulations

library(lattice)

trellis.device(device="pdf", color = TRUE)

pdf("./Plots/jointPDF.pdf", width=5, height=5)

with(combinations, wireframe(1-prob ~ balls + boxes, drape=TRUE,

xlab="Balls", ylab="Boxes", zlab="Prob.",

main="Probability of having at least one empty box",

scales=list(arrows=FALSE, z=list(labels=NULL, arrows=TRUE)),

colorkey=FALSE))

dev.off()

pdf
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